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On mobile sets in the binary hyperube
∗
Yu. L. Vasil'ev, S. V. Avgustinovih, D. S. Krotov
Abstrat
If two distane-3 odes have the same neighborhood, then eah of them is alled
a mobile set. In the (4k + 3)-dimensional binary hyperube, there exists a mobile
set of ardinality 2 · 6k that annot be split into mobile sets of smaller ardinalities
or represented as a natural extension of a mobile set in a hyperube of smaller
dimension.
Introdution
By En we denote the metri spae of all length-n binary words with the Hamming
metri. The spae En is alled the binary, or unary, or Boolean hyperube. The basis
vetor with one in the ith oordinate and zeros in the other is denoted by ei. A subset M
of En is alled a 1-ode if the radius-1 balls with enters in M are disjoint. The union of
the radius-1 balls with the enters in M is alled the neighborhood of M and denoted by
Ω(M), i.e.,
Ω(M) = {x ∈ En : d(x,M) ≤ 1}.
If a 1-ode M satises Ω(M) = En, then it is alled perfet, or a 1-perfet ode. 1-Per-
fet odes exist only when the dimension has the form n = 2k−1. For n = 7, suh a ode is
unique (up to isometries of the spae), the linear Hamming ode. For n = 15, the problem
of haraterization and enumeration of the 1-perfet odes is not solved yet, in spite of
the inreasing omputation abilities (onsiderable results are obtained in [10, 2℄). In this
ontext, it is topial to study objets that generalize, in dierent senses, the onept of
1-perfet ode and exist in intermediate dimensions, not only of type n = 2k−1. Examples
of suh objets are the perfet olorings (in partiular, with two olors [1℄), the entered
funtions [8℄, and the mobile sets, disussed in this paper.
A set M ⊆ En is alled mobile (m.s.) i:
1) M is a 1-ode;
2) there exists a 1-ode M ′ disjoint with M and with the same neighborhood, i.e., M ∩
M ′ = ∅ and Ω(M) = Ω(M ′);
suh a set M ′ will be alled the alternative of M .
In other words, a 1-ode is a m.s. i it has an alternative.
For every odd n = 2m+1, we an onstrut a linear (losed with respet to oordinatewise
modulo-2 addition) m.s. in En:
M = {(x, x, |x|) : x ∈ Em}. (1)
∗
The seond author is partially supported by the RFBR grant 07-01-00248
1
(Here and below |x| denotes the modulo-2 sum of the oordinates of x.) Respetively,
M ′ = {(x, x, |x| ⊕ 1) : x ∈ Em}.
It is not diult to hek the onditions 1 and 2 for these M and M ′.
Our main goal is to prove the following:
Theorem. For all n ≥ 7 ongruent to 3 modulo 4, there exists an irreduible
unsplittable mobile set in En.
A nonempty m.s. M is alled splittable (unsplittable), i if an (respetively, annot)
be represented as the union of two nonempty m.s. The onept of reduibility, whih will
be dened in Setion 3, reets a natural reduibility of mobile sets to mobile sets in the
hyperube of the two-less dimension.
A simple way to onstrut a m.s. in a hyperube of a ode dimension n = 2k−1 is the
following. Let C and C ′ are 1-perfet odes in En. Then M = C \C ′ is a m.s. Indeed, we
an take C ′ \C as M ′. The ardinality of this m.s. is C−|C ∩C ′|. We study the existene
of m.s. that annot be redued to ode dimensions.
In Setion 1 we dene extended mobile sets; that onept is onvenient for the desription
of our onstrution. In Setion 2 we desribe a onnetion between the mobile sets and
the i-omponents, whih were studied earlier. In Setion 3 we desribe a onstrution of
inreasing dimension for mobile sets; that onstrution leads to the natural onept of a
reduible m.s. In Setion 4 we give the main onstrution and prove Theorem. In the nal
setion, we formulate several problems.
1. Extended mobile sets
Like as with 1-perfet odes, it is sometimes onvenient to work with mobile sets
extending them by the all-parity hek to the next dimension. In some ases we get more
symmetrial objets, whih simplies proofs and formulations of statements. And. Some
statements beome more simple and intuitive while being formulated for the extended
ase, although geometrial interpretations of extended objets an seem to be not so
elegant and natural as for the original.
Reall that the extension of the set M ⊆ En is the set M ⊆ En+1 obtained by the
addition of the all-parity-hek bit to all the words of M :
M = {(x, |x|) : x ∈M)} or M = {(x, |x| ⊕ 1) : x ∈M)}.
Punturing the ith oordinate for some set of words in En means removing the ith
symbol from all the words of the set (the result is in En−1). Obviously, the extension and
punturing the last oordinate lead to the original set; so, these operations are opposite
to eah other, in some sene.
A set M ⊆ En is alled extended mobile (an e.m.s.) i it an be obtained as the
extension of some m.s.
We will use the following lemma, whih gives alternative denitions of an e.m.s. As
a usual m.s., an e.m.s. M an be dened together with some other e.m.s. M ′, whih an
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also be referred as an alternative of M (usually, it is lear from the ontext what we are
talking about, mobile sets or extended mobile sets). For the formulation of the lemma
and further using, it is onvenient to dene the onept of the spherial neighborhood
Ω∗(M) = Ω(M) \M,
whih, for the extended mobile sets, plays the role similar to the role of the usual (ball)
neighborhood for the m.s. In partiular, part () of Lemma 1 denes an e.m.s. and an
alternative similarly to the ase of a m.s.
Lemma 1 (alternative denitions of an e.m.s.). Let M and M ′ be disjoint 1-odes
in En, and let their vetors have the same parity (either all vetors are even, or odd). Let
i ∈ {1, . . . , n}. The following onditions are equivalent and imply that M (as like as M ′)
is an e.m.s.
(a) The sets Mi and M
′
i obtained from M and M
′
by punturing ith oordinate are
mobile and, moreover, are alternatives of eah other.
(b) The (bipartite) distane-2 graph G(M ∪M ′) of the union M ∪M ′ has the degree
n/2.
() Ω∗(M) = Ω∗(M ′).
Proof. [The translation of the proof to appear℄ △
Taking into aount (b) and the existene of a linear m.s., we have the following
important orollary.
Corollary 1. Nonempty m.s. (e.m.s.) exist in En if and only if n is odd (respetively,
even).
2. i-Components
A m.s.M is alled an i-omponent i Ω(M) = Ω(M⊕ei). Consider the setMi obtained
from M by punturing the ith oordinate. Ïîñòðîèì íà Mi, êàê íà âåðøèíàõ, òàê íà-
çûâàåìûé ãðà ìèíèìàëüíûõ ðàññòîÿíèé, ñîåäèíèâ ðåáðîì âåðøèíû íà ðàññòîÿíèè
2. The proof of the following lemma is similar to Lemma 1, and we omit it.
Lemma 2. A 1-ode M is an i-omponent if and only if the graph G(Mi) is regular
of degree (n− 1)/2 and bipartite.
So, Lemmas 1 and 2 establish a orrespondene between pairs of alternative m.s. in
En−1 and i-omponents in En+1 (for xed i, say, i = n+1). This orrespondene is evident
as both objets orrespond to a set in En whose distane-2 graph is bipartite and has
the degree n/2. In the rst ase, all the verties of this set have the same parity. In the
seond ase, this is not not neessary, but the subsets of dierent parity will orrespond
to a partition of the i-omponent into independent i-omponents, i-even and i-odd.
Formally, we an formulate the following.
Corollary 2. Sets M,M ′ ⊆ En−1 are a m.s. and an alternative if and only if the set
{(x, |x|, 0) : x ∈M} ∪ {(x, |x|, 1) : x ∈M ′}
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is an i-omponent with i = n+ 1.
Corollary 3. A set M ⊆ En+1 is an i-omponent with i = n + 1 if and only if the
sets
M ba = {x : (x, |x| ⊕ a, b) ∈M}, a, b ∈ {0, 1}
are m.s., where M0a andM
1
a are alternatives to eah other (the setsM
0
0 andM
1
0 orrespond
to the i-even part of the i-omponent; M01 and M
1
1 , to the i-odd; eah of these parts
an be empty; and if both are nonempty, then the i-omponent is splittable).
An example of i-omponent is the linear m.s. (1), i = n. Formerly [4, 5℄ many
examples of nonlinear i-omponents were onstruted. Eah of them is embeddable to a 1-
perfet odes and has the ardinality, divisible by the ardinality of the linear omponent.
Moreover, it was only proved that these i-omponents annot be split into smaller i-
omponents. Their splittability onto mobile sets are still questionable. So, in spite of the
fat that the researhes are devoted to ommon problems and a ommon approah, the
lines are slightly dierent and the results do not overlap but omplement eah other:
we give the embeddability to 1-perfet odes up (whih is a weakening) but deal with a
stronger splittability and a wider speter of dimensions.
3. Reduibility
Lemma 3 (on the linear extension of a m.s.). Let M ⊆ En be an e.m.s. and let
M ′ ⊆ En be an alternative of M . Then the set
R = {(x, 0, 0) : x ∈M} ∪ {(x, 1, 1) : x ∈M ′} (2)
is an e.m.s. with an alternative
R′ = {(x, 1, 1) : x ∈M} ∪ {(x, 0, 0) : x ∈M ′}.
Proof. Condition (b) of Lemma 1 for M and M ′ implies the validity of this ondition
for R and R′. △.
An e.m.s. R ∈ En is alled reduible i it an be obtained by the onstrution (2) and
applying some isometry of the spae (i.e., a oordinate permutation and the inversion in
some oordinates). A m.s. is alled reduible i the orresponding e.m.s. is reduible.
So, the existene of reduible m.s. is redued to the existene of m.s. in smaller
dimensions. From this point of view, the formulation of the main theorem is natural.
Remark. As we an see from Corollary 3, any i-omponent is either reduible m.s.
or an be split into two i-omponents (i-even and i-odd), whih are reduible m.s. In
partiular, the linear m.s. (1) is reduible. Moreover, the linear e.m.s., up to a oordinate
permutation, an be obtained from the trivial e.m.s. {00} in E2 by sequential applying
the onstrution from Lemma 3.
4. Proof of Theorem
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Let us x n divisible by 4: n = 4k. Partition the oordinate numbers into k groups with
4 numbers in eah group; rename the orresponding orts as follows: e10, e
1
1, e
1
2, e
1
3, e
2
0, . . . , e
k
3.
In eah quadruple of type {ei0, e
i
1, e
i
2, e
i
3} we hose arbitrarily (there exist 6 poibilities)
a pair of dierent orts eij and e
i
t; by the index of the pair we shell mean the number
p = j ⋆ t− 1, where ⋆ is dened by the value table
⋆ 0 1 2 3
0 0 1 2 3
1 1 0 3 2
2 2 3 0 1
3 3 2 1 0
(note that j ⋆ t = t ⋆ j and a⋆ b = c ⋆ d for any distint a, b, c, d). Summarizing the hosen
pairs for all i = 1, 2, . . . , k, we get a vetor of weight 2k, whih will be alled standard.
Totally, there exist 6k standard vetors. By the index I(v) of a standard vetor v we shell
mean the modulo-3 sum of the indexes of all the pairs of orts that onstitute v.
Let us partition the set of standard vetors into disjoint subsets S0, S1, and S2 in
ompliane with the indexes of the vetors.
Claim 1. Let i 6= j, i, j ∈ {0, 1, 2}. Then the distane-two graph G(Si ∪ Sj) indued
by the set Si ∪ Sj is bipartite and regular of degree 2k.
[The translation of the proof to appear℄ Claim 1 is proved.
So, S0 (for example) is an e.m.s. of ardinality 2 · 6
k−1
.
Claim 2. The e.m.s. S0 is unsplittable.
[The translation of the proof to appear℄ Claim 2 is proved.
Claim 3. The e.m.s. S0 is irreduible.
[The translation of the proof to appear℄ Claim 3 is proved. The theorem is proved.
5. Conlusion
We have onstruted an innite lass of unsplittable irreduible m.s. Our onstrution
generalizes the example mentioned in [7℄. In onlusion, we formulate several problems,
whih are naturally onneted with the study of mobile sets and with the problem of
haraterization of their variety.
For onstruting m.s., one an apply the generalized onatenation priniple whih
works for 1-perfet odes [9℄. In partiular, the onstrution from Setion 4 an be treated
in suh terms. Unsplittable m.s. onstruted in suh the way will have non-full rank, i.e.,
for all the words of the set the oordinates will satisfy some linear equation.
Problem 1. Construt an innite family of full-rank unsplittable m.s.
Example. Consider the four words
( 100
110
010 )
,
( 011
110
000 )
,
( 101
001
011 )
,
( 001
100
111 )
,
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in E9, listed, for onveniene, as 3 × 3 arrays, and all the words obtained from them by
yli permutations of rows and/or olumns of the array. We get full-rank unsplittable
m.s. of ardinality 36. An alternative an be obtained by the inversion of all the words.
Problem 2. Construt a rih lass of transitive unsplittable m.s., e.m.s. A setM ⊆ En
is alled transitive i the stabilizer StabI(M) of M in the group I of isometries of the
hyperube ats transitively on the elements of M ; i.e., for every x, y from M there exists
an isometry σ ∈ StabI(M) suh that σ(x) = y. For example, it is not diult to see that
the m.s. onstruted in the urrent paper are transitive. There are several onstrutions
of transitive 1-perfet and extended 1-perfet odes, see [6, 3℄ for the last results.
Problem 3. Study the embeddability of m.s. into 1-perfet odes: the existene of
nonembeddable m.s. in the ode dimensions n = 2k − 1; the existene of m.s. that annot
be embedded with help of the linear extension (Lemma 3) into a 1-perfet ode in a larger
dimension. In partiular, for m.s. onstruted in Setion 4, the embedding questions are
open provided n ≥ 11.
Problem 4. Estimate the maximal ardinality of an unsplittable m.s.
Problem 5. Estimate the minimal ardinality of a nonlinear m.s. (the onstrution
of Setion 4 together with Lemma 3 give the upper bound 1,5L(n), where L(n) = 2(n−1)/2
is the ardinality of the linear m.s.), of an irreduible unsplittable m.s. (the onstrution
gives the upper bound 1,5(n−3)/4L(n)), unsplittable m.s. of full rank.
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Î ïîäâèæíûõ ìíîæåñòâàõ
â äâîè÷íîì ãèïåðêóáå
∗
Þ. Ë. Âàñèëüåâ, Ñ. Â. Àâãóñòèíîâè÷, Ä. Ñ. Êðîòîâ
Àííîòàöèÿ
Åñëè äâà êîäà ñ ðàññòîÿíèåì òðè èìåþò îäèíàêîâóþ îêðåñòíîñòü, êàæäûé èç
íèõ íàçûâàåòñÿ ïîäâèæíûì ìíîæåñòâîì. Â äâîè÷íîì (4k+3)-ìåðíîì ãèïåðêóáå
ñóùåñòâóåò ïîäâèæíîå ìíîæåñòâî ìîùíîñòè 2·6k , êîòîðîå íåëüçÿ ðàçáèòü íà ïî-
äâèæíûå ìíîæåñòâà ìåíüøåé ìîùíîñòè èëè ïðåäñòàâèòü â âèäå åñòåñòâåííîãî
ðàñøèðåíèÿ ïîäâèæíîãî ìíîæåñòâà â ãèïåðêóáå ìåíüøåé ðàçìåðíîñòè.
If two distane-3 odes have the same neighborhood, then eah of them is alled
a mobile set. In the (4k + 3)-dimensional binary hyperube, there exists a mobile
set of ardinality 2 · 6k that annot be split into mobile sets of smaller ardinalities
or represented as a natural extension of a mobile set in a hyperube of smaller
dimension.
Ââåäåíèå
×åðåç En îáîçíà÷àåòñÿ ìåòðè÷åñêîå ïðîñòðàíñòâî íà ìíîæåñòâå âñåõ äâîè÷íûõ
ñëîâ äëèíû n ñ ìåòðèêîé Õåììèíãà. Ïðîñòðàíñòâî En èíîãäà íàçûâàþò äâîè÷íûì,
èëè åäèíè÷íûì, èëè áóëåâûì êóáîì. Áàçèñíûé âåêòîð ñ åäèíèöåé â i-é êîîðäèíàòå
è íóëÿìè â îñòàëüíûõ îáîçíà÷àåòñÿ ÷åðåç ei. Ïîäìíîæåñòâî M ⊆ E
n
áóäåì íàçû-
âàòü 1-êîäîì, åñëè øàðû ðàäèóñà 1 ñ öåíòðàìè èç M íå ïåðåñåêàþòñÿ ìåæäó ñîáîé.
Îêðåñòíîñòüþ Ω(M) ìíîæåñòâàM íàçîâ¼ì îáúåäèíåíèå øàðîâ ðàäèóñà 1 ñ öåíòðàìè
èç M , ò. å.
Ω(M) = {x ∈ En : d(x,M) ≤ 1}.
Åñëè 1-êîä M îáëàäàåò ñâîéñòâîì Ω(M) = En, îí íàçûâàåòñÿ ñîâåðøåííûì, èëè
1-ñîâåðøåííûì êîäîì. 1-Ñîâåðøåííûå êîäû ñóùåñòâóþò ëèøü â ðàçìåðíîñòÿõ âèäà
n = 2k − 1. Äëÿ n = 7 òàêîé êîä åäèíñòâåííûé (ñ òî÷íîñòüþ äî èçîìåòðèé ïðîñòðàí-
ñòâà)  ëèíåéíûé êîä Õåììèíãà. Ïðè n = 15 ïðîáëåìà îïèñàíèÿ è ïåðå÷èñëåíèÿ
1-ñîâåðøåííûõ êîäîâ äî ñèõ ïîð íå ðåøåíà, íåñìîòðÿ íà ïîñòîÿííî ðàñòóùèå âîç-
ìîæíîñòè âû÷èñëèòåëüíîé òåõíèêè (ñóùåñòâåííîå ïðîäâèæåíèå ïîëó÷åíî â ðàáîòàõ
[2, 8℄). Â êîíòåêñòå óïîìÿíóòîé ïðîáëåìû ïðåäñòàâëÿåòñÿ àêòóàëüíûì èçó÷åíèå îáú-
åêòîâ, îáîáùàþùèõ â ðàçíûõ ñìûñëàõ ïîíÿòèå 1-ñîâåðøåííîãî êîäà, è ñóùåñòâóþ-
ùèõ íå òîëüêî ïðè n = 2k − 1, íî è â ïðîìåæóòî÷íûõ ðàçìåðíîñòÿõ. Òàêèìè îáúåê-
òàìè ÿâëÿþòñÿ ñîâåðøåííûå ðàñêðàñêè (â ÷àñòíîñòè, äâóõöâåòíûå [4℄), öåíòðèðîâàí-
íûå óíêöèè [10℄, à òàêæå ïîäâèæíûå ìíîæåñòâà, î êîòîðûõ ïîéä¼ò ðå÷ü â äàííîé
ñòàòüå.
∗
Èññëåäîâàíèå âòîðîãî àâòîðà âûïîëíåíî ïðè èíàíñîâîé ïîääåðæêå îññèéñêîãî îíäà óí-
äàìåíòàëüíûõ èññëåäîâàíèé (ïðîåêò 07-01-00248)
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Ìíîæåñòâî M ⊆ En íàçûâàåòñÿ ïîäâèæíûì (ï.ì.), åñëè:
1) M ÿâëÿåòñÿ 1-êîäîì,
2) ñóùåñòâóåò íåïåðåñåêàþùèéñÿ ñM 1-êîäM ′ ñ òîé æå îêðåñòíîñòüþ, ò. å.M∩M ′ = ∅
è Ω(M) = Ω(M ′); òàêîå ìíîæåñòâî M ′ áóäåì íàçûâàòü àëüòåðíàòèâîé ìíîæåñòâà
M .
Äðóãèìè ñëîâàìè, 1-êîä åñòü ï. ì., åñëè ó íåãî åñòü àëüòåðíàòèâà.
Äëÿ âñÿêîãî íå÷¼òíîãî n = 2m + 1 íåñëîæíî ïîñòðîèòü ëèíåéíîå (çàìêíóòîå
îòíîñèòåëüíî ïîêîîðäèíàòíîãî ñëîæåíèÿ ïî ìîäóëþ 2) ïîäâèæíîå ìíîæåñòâî â En:
M = {(x, x, |x|) : x ∈ Em}. (1)
Çäåñü è äàëåå |x| åñòü ñóììà êîîðäèíàò âåêòîðà x ïî ìîäóëþ 2. Ñîîòâåòñòâåííî
M ′ = {(x, x, |x| ⊕ 1) : x ∈ Em}.
Óáåäèòüñÿ â âûïîëíåíèè óñëîâèé 1 è 2 äëÿ M è M ′ âïîëíå íåòðóäíî.
Îñíîâíîé öåëüþ íàøåé ðàáîòû ÿâëÿåòñÿ äîêàçàòåëüñòâî ñëåäóþùåãî àêòà:
Òåîðåìà. Äëÿ âñåõ n ≥ 7, ñðàâíèìûõ ñ 3 ïî ìîäóëþ 4, â En ñóùåñòâóåò íåðåäó-
öèðóåìîå íåäåëèìîå ïîäâèæíîå ìíîæåñòâî.
Íåïóñòîå ï. ì. M íàçûâàåòñÿ ðàçäåëèìûì (íåäåëèìûì), åñëè åãî ìîæíî (ñîîò-
âåòñòâåííî, íåëüçÿ) ïðåäñòàâèòü â âèäå îáúåäèíåíèÿ äâóõ íåïóñòûõ ï. ì. Ïîíÿòèå
ðåäóöèðóåìîñòè, êîòîðîå áóäåò ñîðìóëèðîâàíî â ðàçäåëå 3, îòðàæàåò åñòåñòâåí-
íóþ ñâîäèìîñòü ïîäâèæíûõ ìíîæåñòâ ê ïîäâèæíûì ìíîæåñòâàì â ðàçìåðíîñòè íà
2 ìåíüøåé.
Ïðîñòîé ñïîñîá ïîñòðîåíèÿ ï. ì. â ãèïåðêóáàõ êîäîâîé ðàçìåðíîñòè n = 2k − 1
çàêëþ÷àåòñÿ â ñëåäóþùåì. Ïóñòü C è C ′ ÿâëÿþòñÿ 1-ñîâåðøåííûìè êîäàìè â En.
Òîãäà M = C \ C ′ åñòü ï. ì. Äåéñòâèòåëüíî, â êà÷åñòâå M ′ ìîæíî âçÿòü C ′ \ C.
Ìîùíîñòü òàêîãî ï. ì. ðàâíà C − |C ∩ C ′|. Ìû æå èññëåäóåì âîïðîñ ñóùåñòâîâàíèÿ
ï. ì., êîòîðûå íå ñâîäÿòñÿ ê êîäîâûì ðàçìåðíîñòÿì.
Â ðàçäåëå 1 ìû îïðåäåëÿåì ðàñøèðåííûå ïîäâèæíûå ìíîæåñòâà, â òåðìèíàõ êîòî-
ðûõ óäîáíî îïèñûâàòü êîíñòðóêöèþ. Â ðàçäåëå 2 îïèñàíà ñâÿçü ïîäâèæíûõ ìíîæåñòâ
è i-êîìïîíåíò, êîòîðûå àêòèâíî èçó÷àëèñü ðàíåå. Â ðàçäåëå 3 îïèñûâàåòñÿ êîíñòðóê-
öèÿ óâåëè÷åíèÿ ðàçìåðíîñòè ïîäâèæíîãî ìíîæåñòâà, ïðèâîäÿùÿÿ ê åñòåñòâåííîìó
ïîíÿòèþ ðåäóöèðóåìîãî ï. ì. Â ðàçäåëå 4 ïðèâîäèòñÿ îñíîâíàÿ êîíñòðóêöèÿ è äîêà-
çàòåëüñòâî òåîðåìû. Â çàêëþ÷èòåëüíîì ðàçäåëå ìû îðìóëèðóåì íåñêîëüêî çàäà÷.
1. àñøèðåííûå ïîäâèæíûå ìíîæåñòâà
Ñ ïîäâèæíûìè ìíîæåñòâàìè, êàê è ñ 1-ñîâåðøåííûìè êîäàìè, ÷àñòî áûâàåò óäîá-
íî ðàáîòàòü, ðàñøèðèâ èõ â ñëåäóþùóþ ðàçìåðíîñòü ïðîâåðêîé íà ÷¼òíîñòü. Ïðè
ýòîì â íåêîòîðûõ ñëó÷àÿõ ïîëó÷àþòñÿ áîëåå ñèììåòðè÷íûå îáúåêòû, ÷òî óïðîùàåò
äîêàçàòåëüñòâà è îðìóëèðîâêè óòâåðæäåíèé. È, õîòÿ ãåîìåòðè÷åñêàÿ èíòåðïðåòà-
öèÿ ðàñøèðåííûõ îáúåêòîâ ìîæåò êàçàòüñÿ íå ñòîëü èçÿùíîé è åñòåñòâåííîé, êàê
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â îðèãèíàëå, è ïåðåõîä ñ íåé òðåáóåò íåêîòîðîãî ïðèâûêàíèÿ, ìíîãèå óòâåðæäåíèÿ
ñòàíîâÿòñÿ áîëåå ïðîñòûìè è íàãëÿäíûìè, áóäó÷è ñîðìóëèðîâàííûìè äëÿ ðàñøè-
ðåííîãî ñëó÷àÿ.
Íàïîìíèì, ÷òî ðàñøèðåíèåì ìíîæåñòâà M ⊆ En íàçûâàåòñÿ ìíîæåñòâî M ⊆
En+1, ïîëó÷åííîå äîáàâëåíèåì ïðîâåðêè íà ÷¼òíîñòü (íå÷¼òíîñòü) êî âñåì ñëîâàì
ìíîæåñòâà M :
M = {(x, |x|) : x ∈M)} èëè M = {(x, |x| ⊕ 1) : x ∈M)}.
Âûêàëûâàíèå i-é êîîðäèíàòû â íåêîòîðîì ìíîæåñòâå ñëîâ èç En îçíà÷àåò óäàëåíèå
i-ãî ñèìâîëà âî âñåõ ñëîâàõ ìíîæåñòâà (ðåçóëüòàò áóäåò ëåæàòü â En−1). Î÷åâèäíî,
÷òî ðàñøèðåíèå è çàòåì âûêàëûâàíèå ïîñëåäíåé êîîðäèíàòû ïðèâîäèò ê èñõîäíîìó
ìíîæåñòâó, òî åñòü ýòè îïåðàöèè â îïðåäåë¼ííîì ñìûñëå îáðàòíûå äðóã äðóãó.
Ìíîæåñòâî M ⊆ En íàçîâ¼ì ðàñøèðåííûì ïîäâèæíûì (ð. ï. ì.), åñëè îíî ïîëó-
÷àåòñÿ ðàñøèðåíèåì íåêîòîðîãî ï. ì.
Íàì áóäåò ïîëåçíîé ñëåäóþùàÿ ëåììà, êîòîðàÿ äà¼ò àëüòåðíàòèâíûå îïðåäåëåíèÿ
ð. ï. ì. Êàê è îáû÷íîå ï. ì., ð. ï. ì. M ìîæíî îïðåäåëèòü â ïàðå ñ äðóãèì ð. ï. ì. M ′,
êîòîðîå òàêæå åñòåñòâåííî íàçûâàòü àëüòåðíàòèâîé ð. ï. ì. M (èç êîíòåêñòà îáû÷-
íî ÿñíî, ðå÷ü èä¼ò î ïîäâèæíûõ ìíîæåñòâàõ èëè ðàñøèðåííûõ ïîäâèæíûõ ìíîæå-
ñòâàõ). Äëÿ îðìóëèðîâêè ëåììû è äàëüíåéøåãî èñïîëüçîâàíèÿ óäîáíî îïðåäåëèòü
ïîíÿòèå ñåðè÷åñêîé îêðåñòíîñòè
Ω∗(M) = Ω(M) \M,
êîòîðîå äëÿ ðàñøèðåííûõ ïîäâèæíûõ ìíîæåñòâ âûïîëíÿåò ðîëü, àíàëîãè÷íóþ ðîëè
îáû÷íîé (øàðîâîé) îêðåñòíîñòè äëÿ ï. ì. Â ÷àñòíîñòè, óñëîâèå () ëåììû 1 îïðå-
äåëÿåò ð. ï. ì. è åãî àëüòåðíàòèâó àíàëîãè÷íî ñëó÷àþ ñ ïîäâèæíûì ìíîæåñòâîì.
Ëåììà 1 (îá àëüòåðíàòèâíûõ îïðåäåëåíèÿõ ð. ï. ì.). Ïóñòü M è M ′ åñòü íåïå-
ðåñåêàþùèåñÿ 1-êîäû â En, âåêòîðû êîòîðûõ èìåþò îäèíàêîâóþ ÷¼òíîñòü (ëèáî âñå
÷¼òíîâåñîâûå, ëèáî íå÷¼òíîâåñîâûå). Ïóñòü i ∈ {1, . . . , n}. Ñëåäóþùèå óñëîâèÿ ýêâè-
âàëåíòíû è âëåêóò òîò àêò, ÷òî M (êàê è M ′) åñòü ð. ï. ì.
(a) Ìíîæåñòâà Mi è M
′
i , ïîëó÷åííûå èç M è M
′
âûêàëûâàíèåì i-é êîîðäèíàòû,
ïîäâèæíûå è ÿâëÿþòñÿ àëüòåðíàòèâîé äðóã äðóãà.
(b) ðà (äâóäîëüíûé) ðàññòîÿíèé 2G(M∪M ′) îáúåäèíåíèÿM∪M ′ èìååò ñòåïåíü
n/2.
() Ω∗(M) = Ω∗(M ′).
Äîêàçàòåëüñòâî. Ïðè i = n èç (a) ñëåäóåò, ÷òî M åñòü ð. ï. ì., ïî îïðåäåëåíèþ.
Ïîñêîëüêó óñëîâèÿ (b) è () íå çàâèñÿò îò âûáîðà i, äîñòàòî÷íî ïîêàçàòü ýêâèâàëåíò-
íîñòü (a), (b) è ().
()⇒ (b). àññìîòðèì âåêòîð v èç M . àññìîòðèì ìíîæåñòâî ïàð i, j ∈ {1, . . . , n}
òàêèõ, ÷òî
v ⊕ ek ⊕ ej ∈M
′. (2)
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Ïîñêîëüêó M è M ′ íå ïåðåñåêàþòñÿ, k è j â òàêîé ïàðå âñåãäà ðàçëè÷íû. Ïîñêîëüêó
M ′ åñòü 1-êîä, äâå ðàçëè÷íûå ïàðû íå ïåðåñåêàþòñÿ. È èç óñëîâèÿ Ω∗(M) = Ω∗(M ′)
ñëåäóåò, ÷òî äëÿ ëþáîé ýëåìåíò èç {1, . . . , n} ïðèíàäëåæèò íåêîòîðîé ïàðå. Òàêèì
îáðàçîì, ìû èìååì ðàçáèåíèå {1, . . . , n} íà ïàðû k, j, óäîâëåòâîðÿþùèå (2). Îòñþäà
ñëåäóåò, ÷òî ñòåïåíü âåðøèíû v â ãðàå G(M ∪ M ′) ðàâíà n/2. Òî æå âåðíî äëÿ
ëþáîãî v′ èç M ′.
(a) ⇒ (). àññìîòðèì âåêòîð w íà ðàññòîÿíèè 1 îò M . Íàì íóæíî ïîêàçàòü, ÷òî
îí ðàñïîëîæåí íà ðàññòîÿíèè 1 îò M ′. Äåéñòâèòåëüíî, â ïðîòèâíîì ñëó÷àå ðàññòî-
ÿíèå îò w äî M ′ êàê ìèíèìóì 3 (ó÷èòûâàÿ îäèíàêîâóþ ÷¼òíîñòü M è M ′), è ïî-
ñëå âûêàëûâàíèÿ i-é êîîðäèíàòû îí íå ïîïàä¼ò â Ω(M ′i), ÷òî ïðîòèâîðå÷èò óñëîâèþ
Ω(Mi) = Ω(M
′
i). Òàêèì îáðàçîì, Ω
∗(M) ⊆ Ω∗(M ′); àíàëîãè÷íî, Ω∗(M ′) ⊆ Ω∗(M) \M .
(b) ⇒ (a). àññìîòðèì âåêòîð v èç M . Ïîñêîëüêó ñòåïåíü v â G(M ∪M ′) ðàâíà
n/2 è â M ′ íåò äâóõ âåêòîðîâ íà ðàññòîÿíèè 2, âñå êîîðäèíàòû äåëÿòñÿ íà ïàðû
k, j, óäîâëåòâîðÿþùèå 2. Îòñþäà, ëþáîé âåêòîð âèäà v + ej, 1 ≤ j ≤ n, ëåæèò â
Ω(M ′), à ïîñëå âûêàëûâàíèÿ i-é êîîðäèíàòû  â Ω(M ′i). Íî âñå òàêèå âåêòîðà ïîñëå
âûêàëûâàíèÿ ñîñòàâëÿþò Ω(Mi), îòêóäà èìååì Ω(Mi) ⊆ Ω(M
′
i). Àíàëîãè÷íî, Ω(M
′
i) ⊆
Ω(Mi). Îñòàëîñü çàìåòèòü, ÷òî Mi ∩M
′
i = ∅, ïîñêîëüêó M è M
′
íåïåðåñåêàþòñÿ è
èìåþò îäíó ÷¼òíîñòü. △
Ó÷èòûâàÿ óñëîâèå (b) è ñóùåñòâîâàíèå ëèíåéíîãî ï. ì., èìååì ñëåäóþùåå âàæíîå
ñëåäñòâèå.
Ñëåäñòâèå 1. Íåîáõîäèìûì è äîñòàòî÷íûì óñëîâèåì ñóùåñòâîâàíèÿ íåïóñòûõ
ï. ì. (ð. ï. ì.) â En ÿâëÿåòñÿ íå÷¼òíîñòü (ñîîòâåòñòâåííî, ÷¼òíîñòü) n.
2. i-Êîìïîíåíòû
Ñîäåðæàíèå äàííîãî ðàçäåëà íå èñïîëüçóåòñÿ ïðè äîêàçàòåëüñòâå îñíîâíîãî ðå-
çóëüòàòà. Îäíàêî, îíî íåîáõîäèìî äëÿ ïîíèìàíèÿ ñâÿçåé ñ ïðåäøåñòâóþùèìè èññëå-
äîâàíèÿìè, îðèåíòèðîâàííûìè íà ÷àñòíûé ñëó÷àé ï. ì., òàê íàçûâàåìûå i-êîìïîíåíòû.
Ï.ì. M áóäåì íàçûâàòü i-êîìïîíåíòîé, åñëè Ω(M) = Ω(M ⊕ ei). àññìîòðèì
ìíîæåñòâî Mi, ïîëó÷åííîå èç M âûêàëûâàíèåì i-é êîîðäèíàòû. Ïîñòðîèì íà Mi,
êàê íà âåðøèíàõ, òàê íàçûâàåìûé ãðà ìèíèìàëüíûõ ðàññòîÿíèé, ñîåäèíèâ ðåáðîì
âåðøèíû íà ðàññòîÿíèè 2. Äîêàçàòåëüñòâî ñëåäóþùåé ëåììû àíàëîãè÷íî ëåììå 1, è
ìû îïóñêàåì åãî.
Ëåììà 2. 1-Êîä M ÿâëÿåòñÿ i-êîìïîíåíòîé òîãäà è òîëüêî òîãäà, êîãäà ãðà
G(Mi) ÿâëÿåòñÿ îäíîðîäíûì ñòåïåíè (n− 1)/2 è äâóäîëüíûì.
Òàêèì îáðàçîì, ëåììû 1 è 2 óñòàíàâëèâàþò ñîîòâåòñòâèå ìåæäó ïàðàìè àëüòåð-
íàòèâíûõ ï. ì. â En−1 è i-êîìïîíåíòàìè â En+1 (ïðè èêñèðîâàííîì i, íàïðèìåð,
n+1). Ýòî ñâÿçü ïðîÿâëÿåòñÿ â òîì, ÷òî îáîèì îáúåêòàì ñîîòâåòñòâóåò ìíîæåñòâî â
En, ãðà ðàññòîÿíèé äâà êîòîðîãî ÿâëÿåòñÿ äâóäîëüíûì è èìååò ñòåïåíü n/2. Â ïåð-
âîì ñëó÷àå âñå âåðøèíû ìíîæåñòâà áóäóò èìåòü îäèíàêîâóþ ÷¼òíîñòü. Âî âòîðîì 
íå îáÿçàòåëüíî, îäíàêî ìíîæåñòâà ðàçíîé ÷¼òíîñòè áóäóò ñîîòâåòñòâîâàòü ðàçáèåíèþ
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i-êîìïîíåíòû íà íåçàâèñèìûå i-êîìïîíåíòû, i-÷¼òíóþ è i-íå÷¼òíóþ. Ôîðìàëüíî,
ìû ìîæåì ñîðìóëèðîâàòü ñëåäóþùåå.
Ñëåäñòâèå 2. Ìíîæåñòâà M,M ′ ⊆ En−1 åñòü ï. ì. è åãî àëüòåðíàòèâà åñëè è
òîëüêî åñëè ìíîæåñòâî
{(x, |x|, 0) : x ∈M} ∪ {(x, |x|, 1) : x ∈M ′}
åñòü i-êîìïîíåíòà ïðè i = n+ 1.
Ñëåäñòâèå 3. Ìíîæåñòâî M ⊆ En+1 åñòü i-êîìïîíåíòà, i = n+1, åñëè è òîëüêî
åñëè ìíîæåñòâà
M ba = {x : (x, |x| ⊕ a, b) ∈M}, a, b ∈ {0, 1}
åñòü ï. ì., ïðè÷¼ì M0a è M
1
a ÿâëÿþòñÿ àëüòåðíàòèâàìè äðóã äðóãó (ìíîæåñòâà M
0
0
è M10 ñîîòâåòñòâóþò i-÷¼òíîé ÷àñòè i-êîìïîíåíòû, M
0
1 è M
1
1  i-íå÷¼òíîé; êàæ-
äàÿ èç ýòèõ ÷àñòåé ìîæåò áûòü ïóñòîé, ïðè÷¼ì, åñëè îáå íåïóñòû, òî i-êîìïîíåíòà
ðàçäåëèìà).
Ïðèìåðîì i-êîìïîíåíòû ÿâëÿåòñÿ ëèíåéíîå ï. ì. (1), i = n. àíåå [5, 9℄ óæå ñòðî-
èëèñü ìíîãî÷èñëåííûå ïðèìåðû íåëèíåéíûõ ïîäâèæíûõ ìíîæåñòâ, ÿâëÿþùèõñÿ i-
êîìïîíåíòàìè. Âñå îíè áûëè âëîæèìû â 1-ñîâåðøåííûå êîäû, êàæäûé èç óïîìÿíó-
òûõ ïðèìåðîâ èìåë ìîùíîñòü, êðàòíóþ ìîùíîñòè ëèíåéíîé êîìïîíåíòû. Êðîìå òî-
ãî, äîêàçàííîé áûëà ëèøü íåäåëèìîñòü ýòèõ i-êîìïîíåíò íà ìåíüøèå i-êîìïîíåíòû.
Âîïðîñ îá èõ íåäåëèìîñòè êàê ïîäâèæíûõ ìíîæåñòâ îñòà¼òñÿ îòêðûòûì. Ïîýòîìó,
íåñìîòðÿ íà òî ÷òî èññëåäîâàíèÿ ïîñâÿùåíû îáùåé ïðîáëåìå è äàæå îáùåìó ïîäõîäó
ê ðåøåíèþ ýòèõ ïðîáëåì, íàïðàâëåíèÿ íåñêîëüêî ðàçëè÷íû è ðåçóëüòàòû íå ïåðåêðû-
âàþòñÿ, à äîïîëíÿþò äðóã äðóãà: ìû îòêàçûâàåìñÿ îò âëîæèìîñòè â 1-ñîâåðøåííûå
êîäû (÷òî ÿâëÿåòñÿ îñëàáëåíèåì), çàòî èìååì äåëî ñ áîëåå ñèëüíîé íåäåëèìîñòüþ è
ñ áîëüøèì ñïåêòðîì ðàçìåðíîñòåé.
3. åäóöèðóåìîñòü
Ëåììà 3 (î ëèíåéíîì ðàñøèðåíèè ï. ì.). Ïóñòü M,M ′ ⊆ En åñòü ð. ï. ì. è åãî
àëüòåðíàòèâà. Òîãäà ìíîæåñòâà
R = {(x, 0, 0) : x ∈M} ∪ {(x, 1, 1) : x ∈M ′} (3)
R′ = {(x, 1, 1) : x ∈M} ∪ {(x, 0, 0) : x ∈M ′}
åñòü ð. ï. ì. è åãî àëüòåðíàòèâà â En+2.
Äîêàçàòåëüñòâî. Âûïîëíåíèå óñëîâèÿ (b) ëåììû 1 äëÿ M è M ′ íåïîñðåäñòâåííî
âëå÷¼ò ñïðàâåäëèâîñòü ýòîãî óñëîâèÿ äëÿ R è R′. △.
. ï. ì. R ∈ En íàçîâ¼ì ðåäóöèðóåìûì, åñëè îíî ìîæåò áûòü ïîëó÷åíî êîíñòðóê-
öèåé (3), à òàêæå ïåðåñòàíîâêîé êîîðäèíàò è èíâåðñèåé íåêîòîðûõ ñèìâîëîâ, ïðèìå-
í¼ííûìè êî âñåì âåêòîðàì ìíîæåñòâà îäíîâðåìåííî. Ï.ì. íàçîâ¼ì ðåäóöèðóåìûì,
åñëè ñîîòâåòñòâóþùåå åìó ð. ï. ì. ðåäóöèðóåìî.
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Òàêèì îáðàçîì, âîïðîñ ñóùåñòâîâàíèÿ ðåäóöèðóåìûõ ï. ì. ñâîäèòñÿ ê ñóùåñòâî-
âàíèþ ï.ì. â ìåíüøèõ ðàçìåðíîñòÿõ. Ñ ýòîé òî÷êè çðåíèÿ îðìóëèðîâêà îñíîâíîé
òåîðåìû åñòåñòâåííà.
Çàìå÷àíèå. Êàê âèäíî èç Ñëåäñòâèÿ 3, ëþáàÿ i-êîìïîíåíòà ëèáî ÿâëÿåòñÿ ðåäó-
öèðóåìûì ï.ì., ëèáî ðàçáèâàåòñÿ íà äâå i-êîìïîíåíòû (i-÷¼òíóþ è i-íå÷¼òíóþ),
êàæäàÿ èç êîòîðûõ åñòü ðåäóöèðóåìîå ï. ì. Â ÷àñòíîñòè, ëèíåéíîå ï. ì. (1) ðåäóöè-
ðóåìîå. Áîëåå òîãî, ëèíåéíîå ð. ï. ì., ñ òî÷íîñòüþ äî ïåðåñòàíîâêè êîîðäèíàò, ìîæåò
áûòü ïîëó÷åíî èç òðèâèàëüíîãî ð. ï. ì. {00} â E2 ïîñëåäîâàòåëüíûì ïðèìåíåíèåì
êîíñòðóêöèè èç ëåììû 3.
4. Äîêàçàòåëüñòâî òåîðåìû
Çàèêñèðóåì n, êðàòíîå ÷åòûð¼ì: n = 4k. àçîáü¼ì íîìåðà êîîðäèíàò íà k
ãðóïï ïî 4 â êàæäîé è ïåðåîáîçíà÷èì ñîîòâåòñòâóþùèå îðòû ñëåäóþùèì îáðàçîì:
e10, e
1
1, e
1
2, e
1
3, e
2
0, . . . , e
k
3. Â êàæäîé ÷åòâ¼ðêå âèäà {e
i
0, e
i
1, e
i
2, e
i
3} âûáåðåì ïðîèçâîëüíî
(âñåãî 6 âîçìîæíîñòåé) ïàðó íåñîâïàäàþùèõ îðòîâ eij è e
i
t è íàçîâ¼ì å¼ èíäåêñîì
÷èñëî p = j ⋆ t− 1, ãäå ⋆ îïðåäåëÿåòñÿ òàáëèöåé çíà÷åíèé
⋆ 0 1 2 3
0 0 1 2 3
1 1 0 3 2
2 2 3 0 1
3 3 2 1 0
(çàìåòèì, ÷òî j ⋆ t = t ⋆ j è a ⋆ b = c ⋆ d äëÿ ëþáûõ ïîïàðíî ðàçëè÷íûõ a, b, c, d).
Ïðîñóììèðîâàâ âûáðàííûå ïàðû ïî âñåì i = 1, 2, . . . , k, ìû ïîëó÷èì âåêòîð âåñà 2k,
êîòîðûé áóäåì íàçûâàòü ñòàíäàðòíûì. Âñåãî ïîëó÷èòñÿ 6k ñòàíäàðòíûõ âåêòîðîâ.
Èíäåêñîì I(V ) ñòàíäàðòíîãî âåêòîðà v ìû áóäåì íàçûâàòü ñóììó ïî ìîäóëþ 3 âñåõ
èíäåêñîâ ñîñòàâëÿþùèõ åãî ïàð îðòîâ.
àçîáü¼ì ìíîæåñòâî ñòàíäàðòíûõ âåêòîðîâ íà íåïåðåñåêàþùèåñÿ ïîäìíîæåñòâà
S0, S1 è S2 â ñîîòâåòñòâèè ñ èõ èíäåêñàìè.
Óòâåðæäåíèå 1. Ïóñòü i 6= j, i, j ∈ {0, 1, 2}. Òîãäà ãðà G(Si ∪ Sj) ðàññòîÿ-
íèé äâà, èíäóöèðîâàííûé ìíîæåñòâîì âåêòîðîâ Si ∪ Sj, ÿâëÿåòñÿ äâóäîëüíûì è
îäíîðîäíûì ñòåïåíè 2k.
Äëÿ íà÷àëà çàìåòèì, ÷òî ãðàû G(Si) è G(Sj) ïóñòû. Äåéñòâèòåëüíî, ðàññìîò-
ðèì ïàðó âåêòîðîâ v, u ∈ Si. Ëèáî v è u ðàçëè÷àþòñÿ â îäíîé ÷åòâ¼ðêå êîîðäèíàò,
òîãäà d(v, u) = 4, ïîñêîëüêó ó íèõ èíäåêñû îäèíàêîâû, ëèáî v è u ðàçëè÷àþòñÿ â
áîëüøåì, ÷åì îäíà, ÷èñëå ÷åòâ¼ðîê, òîãäà d(v, u) ≥ 4, ïîñêîëüêó ïî êàæäîé ÷åòâ¼ð-
êå ðàññòîÿíèå ìåæäó ñòàíäàðòíûìè âåêòîðàìè ÷¼òíî. Òàêèì îáðàçîì, äâóäîëüíîñòü
ãðàà G(Si ∪ Sj) îáåñïå÷åíà.
Òàêæå ëåãêî ïîíÿòü, ÷òî âñÿêèé âåêòîð èíäåêñà i èìååò ðîâíî äâóõ ñîñåäåé íà ðàñ-
ñòîÿíèè 2 èç Sj , ðàçëè÷àþùèõñÿ ñ íèì â îäíîé èêñèðîâàííîé ÷åòâ¼ðêå êîîðäèíàò.
Ýòî îçíà÷àåò, ÷òî ñòåïåíü ãðàà åñòü 2k. Óòâåðæäåíèå 1 äîêàçàíî.
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Òàêèì îáðàçîì, ìíîæåñòâî S0 (íàïðèìåð) ÿâëÿåòñÿ ðàñøèðåííûì ïîäâèæíûì è
èìååò ìîùíîñòü 2 · 6k−1.
Óòâåðæäåíèå 2. . ï. ì. S0 íåäåëèìîå.
Ïðåäïîëîæèì, ÷òî P ⊆ S0 è S0\P åñòü ð. ï. ì. è P íåïóñòî. Òîãäà ñóùåñòâóåò P
èìååò àëüòåðíàòèâó P ′.
Ñíà÷àëà óáåäèìñÿ, ÷òî
(*) P ′ ñîñòîèò èç ñòàíäàðòíûõ âåêòîðîâ, òî åñòü òàêèõ, ÷òî â êàæäîé ÷åòâ¼ðêå
êîîðäèíàò ñîäåðæèòñÿ ðîâíî äâå åäèíèöû. Äåéñòâèòåëüíî, â ïðîòèâíîì ñëó÷àå P ′
ñîäåðæèò âåêòîð ñ íåñòàíäàðòíîé ÷åòâ¼ðêîé, è, êàê ñëåäñòâèå, Ω∗(P ′) ñîäåðæèò âåê-
òîð ñ äâóìÿ íåñòàíäàðòíûìè ÷åòâ¼ðêàìè. Â òî æå âðåìÿ Ω∗(P ) ñîñòîèò èç âåêòîðîâ
ñ îäíîé íåñòàíäàðòíîé ÷åòâ¼ðêîé è, ñëåäîâàòåëüíî, íå ìîæåò ñîâïàäàòü ñ Ω∗(P ′), ÷òî
ïðîòèâîðå÷èò ëåììå 1. (*) äîêàçàíî.
àññìîòðèì ïðîèçâîëüíûé âåêòîð p èç P è ïîêàæåì, ÷òî
(**) âñå âåêòîðû èç S0, îòëè÷àþùèåñÿ îò p íå áîëåå ÷åì â äâóõ ÷åòâ¼ðêàõ, òàêæå
ïðèíàäëåæàò P . Áåç ïîòåðè îáùíîñòè ðàññìîòðèì äâå ïåðâûå ÷åòâ¼ðêè. Ïîëîæèì
p = (h, t), ãäå h è t  âåêòîðû äëèíû 8 è n − 8 ñîîòâåòñòâåííî. àññìîòðèì âåêòîð
p ⊕ eij èç Ω
∗(P ), ãäå i ∈ {1, 2} è j ∈ {0, 1, 2, 3}. Ñîãëàñíî ëåììû 1, p ⊕ eij ∈ Ω
∗(p′)
äëÿ íåêîòîðîãî p′ èç P ′. Êàê äîêàçàíî âûøå, âåêòîð p′ ñòàíäàðòíûé, ïîýòîìó p′ =
p ⊕ eij ⊕ e
i
j′ äëÿ íåêîòîðîãî j
′ ∈ {0, 1, 2, 3}, îòêóäà ñëåäóåò, ÷òî p′ ñîâïàäàåò ñ p â
ïîñëåäíèõ n−8 êîîðäèíàòàõ. Èç ýòèõ ðàññóæäåíèé ñëåäóåò, ÷òî Ω∗(P8) = Ω
∗(P ′8), ãäå
P8 = {b ∈ E
8 : (b, t) ∈ P}
P ′8 = {b ∈ E
8 : (b, t) ∈ P ′}
è, ïî óòâåðæäåíèþ () ëåììû 1, ìíîæåñòâî P8 åñòü ð. ï. ì. â E
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. Ëåãêî óñòàíîâèòü
(íàïðèìåð, ïîëüçóÿñü óòâåðæäåíèåì (b) ëåììû 1), ÷òî ìîùíîñòü ð. ï. ì. â E8 áîëü-
øå 6. Ñ äðóãîé ñòîðîíû, ïî ïîñòðîåíèþ, ðîâíî 12 âåêòîðîâ èç S0 èìåþò âèä (b, t),
b ∈ E8. Ñëåäîâàòåëüíî, áîëüøå ïîëîâèíû òàêèõ âåêòîðîâ ïðèíàäëåæàò P . Åñëè áû
íå âñå ïðèíàäëåæàëè P , òî ê îñòàâøèìñÿ âåêòîðàì (èç S0\P ) áûëè áû ïðèìåíèìû
àíàëîãè÷íûå ðàññóæäåíèÿ, ÷òî ïðèâåëî áû ê ïðîòèâîðå÷èþ. Ñëåäîâàòåëüíî, âñå 12
âåêòîðîâ èç S0, ñîâïàäàþùèõ ñ p âî âñåõ êîîðäèíàòàõ êðîìå ïåðâûõ âîñüìè, ïðèíàä-
ëåæàò P ′, ÷òî äîêàçûâàåò (**).
Òàêèì îáðàçîì, ëþáûå äâà âåêòîðà èç S0 íà ðàññòîÿíèè 4 äðóã îò äðóãà îäíîâðå-
ìåííî ëèáî ïðèíàäëåæàò P , ëèáî íåò. Ïîñêîëüêó S0, î÷åâèäíî, ñâÿçíî ïî ðàññòîÿíèþ
4, ïîëó÷àåì P = S0. Óòâåðæäåíèå 2 äîêàçàíî.
Óòâåðæäåíèå 3. . ï. ì. S0 íå ðåäóöèðóåìî.
Çàìåòèì, ÷òî â êîíñòðóêöèè (3) ñóììà ïîñëåäíèõ äâóõ êîîðäèíàò ðàâíà 0 äëÿ
ëþáîãî ñëîâà èç R. Ó÷èòûâàÿ ïåðåñòàíîâêó êîîðäèíàò è èíâåðñèþ ñèìâîëîâ, ìîæíî
óòâåðæäàòü, ÷òî ó ðåäóöèðóåìîãî ð. ï. ì. ñóùåñòâóþò äâå êîîðäèíàòû, ñóììà êîòî-
ðûõ ðàâíà 0 ëèáî 1 îäíîâðåìåííî äëÿ âñåõ ñëîâ ìíîæåñòâà. Ëåãêî ïðîâåðèòü, ÷òî
S0 íå óäîâëåòâîðÿåò ýòîìó óñëîâèþ: ëþáûå äâå êîîðäèíàòû ñîäåðæàò âñå ÷åòûðå
êîìáèíàöèè èç 0 è 1. Óòâåðæäåíèå 3 äîêàçàíî. Òåîðåìà äîêàçàíà.
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5. Çàêëþ÷åíèå
Ìû ïîñòðîèëè áåñêîíå÷íûé êëàññ íåäåëèìûõ íåðåäóöèðóåìûõ ï. ì. Êîíñòðóêöèÿ
îáîáùàåò ïðèìåð, óïîìÿíóòûé â êîíöå ðàáîòû [1℄. Â çàêëþ÷åíèå ìû ñîðìóëèðóåì
íåñêîëüêî çàäà÷, åñòåñòâåííî ñâÿçàííûõ ñ èññëåäîâàíèåì ïîäâèæíûõ ìíîæåñòâ è ñ
ïðîáëåìîé õàðàêòåðèçàöèè èõ ìíîãîîáðàçèÿ.
Äëÿ ïîñòðîåíèÿ ï. ì. ìîæíî ïðèìåíÿòü ïðèíöèï îáîáù¼ííîé êàñêàäíîé êîíñòðóê-
öèè äëÿ 1-ñîâåðøåííûõ êîäîâ [3℄. Â ÷àñòíîñòè, êîíñòðóêöèÿ èç ðàçäåëà 4 ìîæåò áûòü
èíòåðïðåòèðîâàíà â òàêèõ òåðìèíàõ. Íåäåëèìûå ï. ì., ïîñòðîåííûå òàêèì îáðàçîì,
áóäóò èìåòü íåïîëíûé ðàíã, òî åñòü äëÿ âñåõ ñëîâ ìíîæåñòâà êîîðäèíàòû áóäóò óäî-
âëåòâîðÿòü íåêîòîðîìó ëèíåéíîìó óðàâíåíèþ (íåïîëíîé ïðîâåðêå íà ÷¼òíîñòü èëè
íå÷¼òíîñòü).
Ïðîáëåìà 1. Ïîñòðîèòü áåñêîíå÷íûé êëàññ íåäåëèìûõ ï. ì. ïîëíîãî ðàíãà.
Ïðèìåð. àññìîòðèì ÷åòûðå ñëîâà
( 100
110
010 )
,
( 011
110
000 )
,
( 101
001
011 )
,
( 001
100
111 )
,
èç E9, çàïèñàííûå äëÿ óäîáñòâà â âèäå ìàññèâà 3× 3, à òàêæå âñå ñëîâà, ïîëó÷åííûå
èç íèõ öèêëè÷åñêèìè ïåðåñòàíîâêàìè ñòðîê è/èëè ñòîëáöîâ ìàññèâà. Ïîëó÷èì íåäå-
ëèìîå ï. ì. ïîëíîãî ðàíãà ìîùíîñòè 36. Àëüòåðíàòèâà ïîëó÷àåòñÿ èíâåðñèåé âñåõ
ñëîâ.
Ïðîáëåìà 2. Ïîñòðîèòü áîãàòûé êëàññ òðàíçèòèâíûõ íåäåëèìûõ ï. ì., ð. ï. ì.
Ìíîæåñòâî M ⊆ En íàçûâàåòñÿ òðàíçèòèâíûì, åñëè ñòàáèëèçàòîð StabI(M) ìíî-
æåñòâà M â ãðóïïå I èçîìåòðèé ãèïåðêóáà äåéñòâóåò òðàíçèòèâíî íà ýëåìåíòàõ M ,
ò. å. äëÿ ëþáûõ x, y èç M íàéä¼òñÿ èçîìåòðèÿ σ ∈ StabI(M) òàêàÿ, ÷òî σ(x) = y.
Íàïðèìåð, íåòðóäíî ïîêàçàòü, ÷òî ï. ì., ïîñòðîåííûå â äàííîé ðàáîòå, ÿâëÿþòñÿ
òðàíçèòèâíûìè. Èçâåñòíî íåñêîëüêî êîíñòðóêöèé òðàíçèòèâíûõ 1-ñîâåðøåííûõ è
ðàñøèðåííûõ 1-ñîâåðøåííûõ êîäîâ, ïîñëåäíèå ðåçóëüòàòû ñìîòðè â [6, 7℄.
Ïðîáëåìà 3. Èññëåäîâàòü âîïðîñ âëîæèìîñòè ï. ì. â 1-ñîâåðøåííûé êîä: ñó-
ùåñòâîâàíèå íåâëîæèìûõ ï. ì. â êîäîâûõ ðàçìåðíîñòÿõ n = 2k − 1; ñóùåñòâîâàíèå
ï. ì., íåâëîæèìûõ ïðè ïîìîùè ëèíåéíîãî ðàñøèðåíèÿ (ëåììà 3) â 1-ñîâåðøåííûé
êîä íè â îäíîé áîëüøåé ðàçìåðíîñòè. Â ÷àñòíîñòè, äëÿ ï. ì., ïîñòðîåííûõ â ðàçäåëå 4,
âîïðîñû âëîæèìîñòè îòêðûòû ïðè n ≥ 11.
Ïðîáëåìà 4. Îöåíèòü ìàêñèìàëüíûé ðàçìåð íåäåëèìîãî ï. ì.
Ïðîáëåìà 5. Îöåíèòü ìèíèìàëüíûé ðàçìåð íåëèíåéíîãî ï. ì. (êîíñòðóêöèÿ ðàç-
äåëà 4 âìåñòå ñ ëåììîé 3 äà¼ò âåðõíþþ îöåíêó 1,5L(n), ãäå L(n) = 2(n−1)/2  ìîù-
íîñòü ëèíåéíîãî ï. ì.), íåðåäóöèðóåìîãî íåäåëèìîãî ï. ì. (êîíñòðóêöèÿ äà¼ò âåðõ-
íþþ îöåíêó 1,5(n−3)/4L(n)), íåäåëèìîãî ï. ì. ïîëíîãî ðàíãà.
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